We present a feedback control scheme that designs time-dependent laser-detuning frequency to suppress possible dynamical instability in coupled free-quasibound-bound atom-molecule condensate systems. The proposed adaptive frequency chirp with feedback is shown to be highly robust and very efficient in the passage from an atomic to a stable molecular Bose-Einstein condensate. Coherent conversion of an atomic Bose-Einstein condensate ͑BEC͒ to a molecular BEC is an active research topic in cold atom physics ͓1-6͔. Creating stable molecular condensates is important for studying the quantum superchemistry ͓7,8͔, and producing atomic lasers. Both the Feshbach resonance ͓1,2͔ and photoassociation ͓3,4͔ have been proposed to produce a molecular condensate. However, the created molecules are generally in an excited quasibound state ͓9͔, often with a limited conversion efficiency to the desired stable ͑e.g., ground͒ state of molecular condensates. Two-photon Raman photoassociation transition to create a high density of stable molecules in a Mott insulator state has been observed recently ͓6͔. The stimulated Raman adiabatic passage ͑STIRAP͒ ͓10͔ technique has also been suggested to convert cold atoms to molecules in a deeply bound ground state ͓11-16͔. In a linear three-level ⌳ system there exists the coherent population trapping ͑CPT͒ state under the twophoton resonance condition, and the STIRAP can be successfully realized by using the counterintuitive sequence of laser pulses ͓10͔. As it is formed by the free atomic, the quasibound, and the ground molecular condensates, the condensate ⌳ system experiences nonlinear shifts due to collisions between particles. These nonlinear shifts move the system off the required two-photon resonance in the conventional STIRAP scheme, and thus reduce the conversion efficiency.
magnetic field through Feshbach resonance with coupling strength ␣Ј ͑or density scaled ␣ ϵ ␣Ј ͱ n͒ and by detuning ⑀, and ͉m͘ and ͉g͘ are coupled via a laser field with Rabi frequency ⍀ and detuning ⌬. As Ref. ͓17͔, we also treat the mean-field dynamics of matter amplitudes,
with the two-body collision coefficients i =4 ប a i n / m i and ij =2 ប a ij n / m ij . Here a i ͑a ij ͒ is the s-wave scattering length, m i ͑m ij ͒ the mass ͑reduced mass͒, and n the density of the total particle number. Introduced in Eq. ͑1b͒ is also a phenomenological loss parameter ␥ for the decay of the quasibound molecules; thus ͉ a ͉ 2 +2͉ m ͉ 2 +2͉ g ͉ 2 ഛ 1. The equal sign holds, i.e., that the total particle number is conserved, when ␥ = 0. Equations ͑1͒ serve as the starting point of many theoretical investigations on the formation of stable molecule condensates ͓15-17͔.
It has been shown that the steady states ͕ ͑t͒ = ͉ 0 ͉ e i e −i t ; = a , m , g͖ of Eqs. ͑1͒ ͑with ␥ = 0 and timeindependent ⍀͒ support a CPT solution under the laser detuning condition ͓17͔,
with the steady CPT state populations ͉ m 0 ͉ 2 = 0 and 
The existence of CPT solutions suggests the possibility of the STIRAP approach to atommolecule conversion, in which ␣ / ⍀ varies smoothly from 0 to ϱ ͑due to the counterintuitive pulses sequence͒, and the system follows the CPT states of Eq. ͑3͒ adiabatically from ͉ a ͑0͉͒ 2 =1 to ͉ g ͑ϱ͉͒ 2 = 0. To achieve that, the authors of Ref. ͓17͔ proposed to design the time-dependent laser detuning ⌬͑t͒ ͑or frequency chirp͒ via the direct substitution of Eq. ͑3͒ into Eq. ͑2͒. This is the direct control scheme that relates the time-dependent laser detuning ⌬͑t͒ a priori to the laser pulse field coupling ⍀͑t͒. However, this scheme suffers dynamical instability in certain regions in ͑⍀ , ⑀͒ space, called hereafter the Ling-Pu-Seaman ͑LPS͒ unstable region after the authors of Ref. ͓17͔. The dynamical instability is uncontrollable with the direct control scheme as the laser detuning there does not cope with any unavoidable small fluctuation in the BEC system. This small initial uncertainty would then lead the system evolution deviating significantly from the required CPT solutions ͓cf. Fig. 2͑a͔͒ .
To suppress the dynamical instability one shall relate the control field detuning ⌬͑t͒ explicitly to the system evolution, while retain its stationary CPT limit as Eq. ͑2͒. Actually, the last two terms of Eq. ͑2͒ arising from the nonlinear collision do suggest some possible schemes of feedback laserdetuning control on the atom-molecule conversion. After numerical testing on several possible versions, we propose here
͑4͒
which requires only the feedback of the time-dependent atomic condensate population. We shall show that not only the adaptive laser-detuning feedback control described above completely suppresses the dynamical instability in the CPT state, it is also very robust, resulting in high efficiency of coherent atom-molecule conversion. In the following demonstrations, we consider the model sodium BEC system used of Ref. ͓17͔, in which ␣ = 9.436ϫ 10 4 s −1 , a = 0.625␣, m = g = am = mg = ag = 0.1875␣, and ␥ = 1.0␣.
Let us start with the stability analysis. Reported in Fig. 2 are the results on the CPT state, with the fixed values of ⍀ = 1.0␣ and ⑀ =3␣ chosen from the LPS unstable region ͓17͔, against initial 0.1% population fluctuations. As shown in Fig.  2͑a͒ , the CPT state under the direct control scheme ͓Eq. ͑2͔͒ is unstable; a small fluctuation would deviate it dynamically far away from the desired CPT state. However, with the help of the present feedback control scheme ͓Eq. ͑4͔͒, as shown in Fig. 2͑b͒ , the fluctuations will not be amplified; the system is stable and does remain in the CPT state. We have also performed many other simulations, and found that for any values of ͑⍀ , ⑀͒ parameters, the CPT states are stable in the present feedback control scheme.
The above analysis suggests the possibility of a feedback STIPAP scheme for high-efficiency atom-molecule conversion. The system is initially in the atomic condensate state, and the conversion efficiency is defined as ϵ 2 ͉ g ͑ϱ͉͒ 2 . In the following simulations, the Rabi frequency of the Stokes laser field assumes
ͪͬ.
͑5͒
Unless further specification, ⍀ max =40␣, =40/␣, and t 0 = 120/ ␣, and the Feshbach field detuning ⑀ =3␣. Note that the system will evolve into the LPS unstable region when ͉⍀͑t͉͒ becomes small ͓17͔. The laser detuning ⌬͑t͒ as a function of time in the feedback control scheme ͓Eq. ͑4͔͒ shall be evaluated with the system propagation ͓Eq. ͑1͔͒, while in the direct control scheme it is independent of the system evolution and could have been determined by substituting Eqs. ͑5͒ and ͑3͒ into Eq. ͑2͒. Shown in the top two panels of Fig. 3 are the resulting populations ͉ a,m,g ͑t͉͒ 2 , as functions of time in the direct and feedback control schemes, respectively. Clearly, the direct method leads to a dynamical instability as the system is bound to evolve into the LPS unstable region after the peak laser power, resulting in a small conversion efficiency. Our feedback control scheme efficiently suppresses this kind of instability, achieving a high conversion efficiency of = 83%. The bottom panel of this figure depicts the laser- detuning ⌬͑t͒ functions associating with the above two control schemes. The difference between the two curves there seems small.
It is this small difference in the time-dependent laser detuning, which changes completely the nature of atom-molecule conversion dynamics from unstable to stable.
More importantly, the sensitivity described here does not deteriorate the robustness of the feedback control method. Reported in Fig. 4 is a robustness test on the feedback control, in which the adaptive ⌬͑t͒ ͓the dashed-curve in Fig. 3͑c͔͒ is subject to a small ͑2% in relative amplitude͒ white-noise fluctuation ␦⌬͑t͒ that models experimental uncertainty. Our feedback control method is shown to be very robust against small white-noise fluctuations.
In Fig. 5 , we report the feedback control conversion efficiency diagram in the ͑⍀ max , ⑀͒ space. The observed high conversion efficiency ͑ Ͼ 75% ͒ covers practically the entire STIRAP parameter region, where the Stokes laser coupling ⍀ max is not too small and the Feshbach detuning ͉⑀͉ is not too large, compared with the Feshbach coupling strength ␣. The experimental realization of high-efficient atom-molecule conversion is thus feasible with the present feedback STI-RAP control scheme.
Finally, we perform sensitivity analysis on the conversion efficiency with respect to the uncertainty of matter interaction parameters. Currently, the scattering lengths of atoms ͑and therefore the atom-atom collision coefficients such like a here͒ are quite well known, but those related to molecules are largely yet to be determined. Let a = 0.625␣ be fixed, while am = ag and m = g = mg be two unknown parameters. Now using the dashed-curve in Fig. 3͑c͒ as the control laser detuning ⌬͑t͒, we present in Fig. 6 the evaluated conversion efficiency as a function of these two independent parameters. We see that in the vicinity of the estimated value of 0.1875␣ for both parameters, the conversion efficiency is more sensitive to the true value of the molecule collision coefficient ͑ g , m , or mg ͒ than its atom-molecule counterpart ͑ am or ag ͒. This may thus in turn offer the opportunity of utilizing the present adaptive feedback control method to accurately extract the matter system parameters, especially the sensitive ones, from the measured conversion efficiency.
In conclusion, we have presented a feedback STIRAP control method to suppress the dynamical instability in the coherent conversion of an atomic to a molecular Bose- Einstein condensate. The present work focuses on the case where the atom-molecule coupling is via Feshbach resonance; but the same formulation is applicable to the photoassociation coupling case. The required detuning ⌬͑t͒ ͓Eq. ͑4͒, or frequency chirp͔ for the adaptive control laser field can be obtained via either the experimental feedback or the propagation of Eqs. ͑1͒ with Eq. ͑4͒. Unlike previous methods ͓10-17͔, the present feedback STIRAP scheme can force the system to stay in CPT states for any parameters. Numerical results indicate that this feedback control method is very robust, and achieves high efficiency of an atom-molecule conversion in realistic systems. The present work is based on a three-level description of the coupled atom-molecule BEC, which has been widely used in literatures. ͓12-17͔. It has been pointed out that the pairing fields may limit the conversion efficiency in resonantly coupled atom-molecule BECs ͓18͔. Fortunately, this effect seems not important in our STIRAP case since the population in the quasibound state is always very small, thus the number of thermal atoms generated by pairing fields will be also very small. Also we note that beside the STIRAP control scheme, high efficiency molecular population transfer in a linear Hamiltonian system can also be achieved by using shaped laser pulses ͓19,20͔. These well-established control schemes in linear Hamiltonian systems for realistic molecules can individually be extended to nonlinear BEC systems. It is also anticipated based on the present work that a feedback control will be needed to overcome the collisioninduced instability. Future work along this direction will include the spatial variations and microscopic interactions in atom-molecule coupling.
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